The metal shell vibratory gyro is a branch of Coriolis vibratory gyro, which has the advantage of overload resistance, simplify structure, low cost, wide range and long life. This paper focuses on multi-surface metal resonator. It is important that the eigenvalue analysis of multi-surface of hemisphere, cylinder and hyperbolic. Through analysis multi-surface characteristic, it presents a novel orthogonal curvilinear coordinate used machine error factor based on the traditional coordinate, which realizes boundary linear. We analyze its natural vibration characteristics, research on basic model distribution and built mode shape function of resonator; deeply research on dynamics characteristics of resonator under the condition of angular rate input, establish dynamics equation of multi-surface fusion metal shell vibratory gyroscope based on thin shell mechanics theory of elastic mechanics, solve out the eigenvalue of the resonator, and we also analyze this eigenvalue characteristics to lay the foundation of the follow-up study of the theory of the metal shell vibratory gyroscope. We test the gyro's temperature performance on the last. Finally, we test on the metal shell vibratory gyroscope, the ranges to ±3600 • /s, zero-bias stability is 7.862 • /h (25 • C), angular random walk is 1.487 • /h 1/2 . INDEX TERMS Vibratory gyro, eigenvalue analysis, multi-surface metal shell, metal shell vibratory gyroscope.
I. INTRODUCTION
The ability of range and overload resistance of the traditional metal shell vibratory gyroscope like cylinder-shaped, cone-shaped, rotating parabolic-shaped, is restricted by its own structure. So that the traditional metal shell vibratory gyroscope cannot be used to measure angular rate under the condition of high overload, wide-range [1] , [2] . The typical axisymmetric shells include cylinder shell, hemisphere shell, paraboloidal shell and conical shell. For axisymmetric shell gyros, cylinder shell and hemisphere shell are the most widely used. Watson Industries Inc., Innalabs Holding Inc. and BAE have kinds of cylinder vibratory gyros which are wildly used in low and medium accuracy angular rate measurements fields, including vehicle navigation, oil exploration etc. They use the piezoelectric element which The associate editor coordinating the review of this manuscript and approving it for publication was Zhenbao Liu . is attached on the cylinder wall to detect input angular rate [3] - [8] . Innalab Holding develops two-level cylinder to improve the quality of stand wave, sticks piezoelectric element to the bottom of cylinder to improve the drive efficiency and sensitivity [9] - [11] . Loveday, Kristiansen, Shangchun Fan, et al. have deeply studied on the vibration characteristics, dynamic equation, error analysis of the cylinder vibratory gyros, and formed a whole theory [12] , [13] . Reasonable selection coordinate system to describe the resonator's dynamic characteristics is of crucial importance for this kind of axisymmetric shell vibratory gyroscope. In literature [14] and [15] , the author studies cylindrical structures by selecting cylindrical coordinate. In literature [16] , semi-spherical surface structure resonator is studied by selecting the spherical coordinate. In the literature [17] - [19] , the conical structure is studied by selecting a conical coordinate. Leissa et al., described the vibration characteristics of composite structure by using the orthogonal VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ curvilinear coordinates, such as cylinder, cone, frustum, paraboloid shaped structure, and give a systematic exposition of the characteristics of this kind of coordinates and related mechanical properties [20] , [21] . The resonator is of multi-curved surface fusion structure, which involves a variety of structural features, and cannot be accurately described in typical coordinates such as spherical and cylindrical ones [21] . Leissa et al., used the orthogonal curvilinear coordinate to describe the vibration characteristics of the complex shell, which is of great significance to the study of such structures. For axisymmetric shell vibratory gyroscope, modal analysis is important too, but often in the process of theoretical analysis of gyro ignored. One of the important reasons is that calculation and analysis of vibration is very complex, and it is difficult to find the analytical solution in most cases [22] . The famous scholar Leissa et al., using Rayleigh-Ritz method, through the numerical simulation calculation, gives a set of three-dimensional vibration shell of vibration mode analysis method. Scholar Tzou et al. in the study of the active vibration mode control of three-dimensional shell, present the vibration modal analytical method based on analytical method for conical shells, rotating paraboloid shells and cylindrical shells [23] . The research of dynamic problems of Resonators mainly focus on mechanical properties of the Resonator under the action of Coriolis force. For the dynamic problem of this kind of axisymmetric shell resonator gyro, two methods are adopted at present: energy principle of elasticity mechanics [24] , [12] ; the solution of the balance differential equation [25] .
Through analysis of the above three problems, this paper aims to put forward a kind of eigenvalue analysis method for the metal shell vibratory gyroscope of multi-surface fusion structure form. The former solves out the dynamic equation and the equivalent dynamic equation by establishing the mechanical kinetic energy, mechanical potential energy, and external potential energy, and using the Lagrange method. Introducing the effect of Coriolis force, the latter obtains the dynamic equation under the action of Coriolis force by establishing the balance differential equation of vibration, and by using the method of thin shell theory analysis, and then uses Bubonov Galerkin method to solve the equivalent dynamic equation. Both similarity is that the natural frequency and precession factor of resonator is obtained by equivalent dynamics equation, and the premise of similarity is to get vibration type function of resonator. Both have advantages and disadvantages.
II. THE ANALYSIS OF LIMITATIONS OF ORTHOGONAL CURVILINEAR COORDINATE SYSTEM
The resonator has a structure of thin shell. To study and analyze this kind of thin shell problems, people usually adopt the theory of plates and shells, the basis of which is the assumption of Kirchhoff-Love. The orthogonal curvilinear coordinate system represents points in space using the angle between the normal of the surface of the shell and the rotation axis, direction of rotation angle and thickness direction.
For the established orthogonal curvilinear coordinate system, there are some limitations. The emphasis is put on main curvature radius ρ 1 = ∞ for a shell with a curvature of 0. There is no problem in the description of the specific mechanical process, but in the process of analytic calculation, it will directly affect the nature of the whole calculation. For the resonator of multi-curved surface fusion structure, the cylindrical structure of its middle part is a typical shell with a curvature of 0. The principal curvature radius of the cylindrical surface structure is ρ 1 = ∞ in the coordinate constraint relation.
In the literature [20] , the author also encountered similar problems in the vibration analysis of conical shells, but there is no solution. In [29] , the analysis of thin shell vibration mechanics problems also uses the coordinate system. Neither does it give a method to solve limitation problem of this kind of coordinate. In order to solve this problem, this paper presents the use of rotating parabolic structure instead of cylindrical surface structure, and confines the curve errors of both within the processing error, as shown in Fig.1 . In the graph, the maximum deviation of the rotating parabolic surface and the cylindrical surface profile is represented by δ, and it should be less than the processing error of structure; c is the distance between parabolic vertex and coordinate origin. Therefore, the parabolic coordinate equation is
Using the coordinate relation, we can get
In the actual machining process, the resonator is processed by the advanced numerical control center, the error is 0.005mm. So it is considered that there is an error in the machining process of the cylindrical part of the resonator, δ = 0.005mm. As a result, the radius of curvature of the equivalent cylindrical surface is obtained as follow:
Synthesize the research status of metal shell resonator gyro at home and abroad, the resonator maximum height is 30mm, the maximum diameter is 43mm, then L = 30mm, R = 21.5mm. The equations, fully meet the requirements, so this method is feasible. After the numerical substitution, fully meet the requirements, so the method is feasible.
To sum up, we can obtain the constraint relationship of the three main structures of resonator after the equivalent processing.
III. NATURAL VIBRATION OF THE RESONATOR A. VIBRATION MODE RESEARCH OF THE RESONATOR
At any point on the resonator there is simple harmonic oscillation with a frequency, the displacement function of which can be expressed as [20]      u ϕ =Û e jω n t u ν =V e jω n t u θ =Ŵ e jω n t
Among them,Û ,V ,Ŵ are Rayleigh functions of inherent vibration mode of certain inextensible thin shell, that is, vibration mode function. ω n is natural angular frequency of vibration; t is for time. When studying the problem of vibration mode, it is assumed that the time cannot be correlated with the other variables, and the vibration periods of the points on the resonator are the same.
In the study of the vibration process of the resonator, the assumption that the middle plane of the shell cannot be stretched is used. That is, the equation for shell-bending is equal to zero by three components of tangential deformation [26] , [27] . Then, we have
Thus, can obtain:
Since the Resonator has an axisymmetric distribution, the time can be separated, and the formula (7) can be simplified as:
By the method of separation of variables [28] , the corresponding vibration mode function can be solved. First, assume vibration mode function along the thickness direction asŴ
In equation, f (ϕ) is a function of variable ϕ, n is vibration order of the resonator. Substitute equation (9) into 1 of the equation (8), then
Substitute equation (9) into 2 of the equation (8), then for the same reason
Substitute equation (10) and (11) into 3 of the equation (8), after simplification, we can get the (12)
Observe equation (12) , and assume f (ϕ)dϕ = F, which is known as the characteristic function :
Substitute the assumption and equation (13) into equation (12) , then get (14) ρ z n 2 − ρ z cos 2 ϕ − r z sin ϕ F + sin ϕ cos ϕρ z F − sin ϕr z F = 0 (14)
Observe equation (14) , the solution of F is also equivalent to the solution of the vibration mode function in 3 directions.
For the resonator of whose curvature radius is of the piecewise function, its vibration mode function is expressed VOLUME 7, 2019 in piecewise. Substitute r z , ρ z , using Maple to solve [29] , we can get (15) 
Among them, C 1 , C 2 are arbitrary constants, and their concrete value depends on the initial value of the structural part of the vibration mode function. The concrete expressions of 1 , 2 are as follows
In last equation, (·) represents Gamma function when factorial calculation is carried out.
When calculating the vibration mode, we can only consider the vibration of the middle plane curve of the resonator, so the thickness v = 0. Thus, the formula (15) can be simplified. Substituting (15) into the equation (9) -(11), we can solve out the vibration mode function of the resonator.
Then the vibration mode function of the resonator can be solvedÛ
By analyzing the working process of the resonator, the initial condition of the vibration mode function of the resonator can be determined. During the working process of the resonator, the displacement of the top restrained end of it is 0, and the vibration mode in this position should also be 0 [30] when it is in the position. Then
According to the formula, we can solve the initial value involved in the vibration mode function of the resonator. Firstly, the initial value of hemispherical shape is solved. Then when the coefficient is calculated, the cylindrical surface structure is solved out on the basis of hemispherical surface. Similarly, the solution of rotational hyperboloid structure can be done. When the theoretical derivation is carried out, the size of the support angle needed in the actual engineering of the resonator restraint end is ignored,
Combining with the 3 main structures of the resonator, make analysis of the eigenfunction of vibration mode of the resonator:
(1) Hemispherical surface structure Substitute ρ 1 = R, ρ 2 = R into equation (15), we can get
It can be seen that, at the bottom of the hemispherical structure, when ϕ = π 2, the corresponding vibration mode function can be obtained. At the same time, the vibration mode function of the hemispherical structure can be used as the initial value of the solution of cylindrical surface structure. This value can be used as the initial condition of cylindrical surface structure.
(2) Cylindrical surface structure Substituting the constraint relation of the cylindrical surface structure into equation (15), we can get the eigenfunction of the resonator in the cylindrical structure.
(3) Rotating hyperboloid structure Substituting the constraint relation of the rotating hyperboloid structure into equation (15), we can get the eigenfunction of the resonator in the rotating hyperboloid structure.
The eigenfunction of the corresponding structure is obtained, then, according to the equation (17), the vibration mode function of the corresponding structure can be obtained. In the process of numerical analysis, a set of initial parameters is given at first, as shown in Table 2 . This parameter is dimensionless and is only used to derive the vibration mode of the resonator.
In the analysis of vibration mode, low order vibration modes e of n = 1 to n = 4 are the main consideration. Numerical simulation analysis of vibration mode is made by Matlab. It is pointed out particularly that when the different vibration mode function is selected for each part of the structure, the range can be set manually. So the actual vibration mode of the resonator can be obtained as follow.
(1) Set n = 1, namely the 1 order vibration mode. It can be seen from Fig.2 the main structure of resonator does not change and is in a swing mode when resonator works in 1 order vibration mode. The clock lip movement of resonator is as shown in Fig.3 . And from its envelope wave of standing wave motion, it can be seen clearly that the resonator is in a swing mode.
(2) Set n = 2, that means, the resonator works in 1 order vibration mode. As can be seen from Fig.4 , when the resonator operates in the 2 mode, the bottom of the resonator is elliptical, and the overall structure has changed. The instantaneous curve of the clock lip and envelope curve of the standing wave are shown in Fig.5 . By means of the polar coordinate envelope curve of the bell lip movement, vibration presents four antinodes and four nodes. So the vibration model is called 4 antinode vibration mode. The vibration mode can be selected as the working mode of the gyro, which contains one of the basic elements of the sensing Coriolis force: the radial motion of the particle. When the angular velocity is applied on the sensitive axis, the vibration mode can be deflected.
(3) Set n = 3, that means, the resonator works in 3 order vibration mode. Fig.6 shows that at the bottom of clock lip presents three roses line shape which comprises 6 loops and 6 nodes ( Fig.7) , so that the vibration model is called 6 antinode vibration mode. The vibration mode can also be used to detect the angular rate of the vibration mode, which also meet the basic conditions of Coriolis force detection, but will bring more complex calculations. Because of the influence of material characteristics and damping on the vibration mode analysis, the vibration modes that are analyzed all have ''zero crossing'' phenomenon. This is precisely the drawbacks of such analytical methods. In the next section, the finite element method is used to solve the problem for fully considering the material characteristics.
(4) Set n = 4, that means, the resonator works in 4 order vibration mode.
Similarly, it can be seen from the analysis of Fig.8 , the vibration mode is of 8 antinode vibration mode which contains 8 loops and 8 nodes ( Fig.9 ).
In summary, the numerical simulation analysis of vibrators with the first four order vibration mode function, derive the basic vibration mode of the resonator: swing vibration mode, 4 antinode vibration mode, 6 antinode vibration mode and 8 antinode vibration mode. In addition, analysis of the instantaneous motion and vibration mode envelope of clock lip provides a theoretical basis for vibration mode and standing wave precession of the subsequent Resonator.
B. ANALYSIS OF RESONATOR MODE
The finite element simulation software ANSYS is used to make mode analysis. The numerical solution of the actual vibration function of the resonator is obtained, and the basic vibration mode under actual working conditions and frequency distribution of the resonator are summarized. In the process of modeling and simulation, a set of general simulation parameters are selected, as shown in Table 2 . The parameter is a dimensional value, unified under the standard unit.
ANSYS software is used to establish the three-dimensional finite element analysis model of the resonator. Diving by free mesh is shown in Fig.10 In the process of simulation, the unit type selected is Solid45.Restrictions are imposed at the constraint end of the resonator. Block Lanczo method is used to make modal analysis [3] , [35] . The modal results of the first 8 order of the Resonator are shown in Figure 3 . 10 The first 8 order modal frequencies and the corresponding vibration mode can be analyzed from the finite element simulation results in Fig.11 , as shown in Table 3 .
The frequency distribution of first 8 order modal of the resonator ranges from 4447.2Hz ∼ 23283Hz, containing fundamental mode structure in Section 5. In addition to the 3 basic vibration mode analyzed in 3.1 quarter, there are also rotation vibration mode and the upper and lower vibration mode.
8 antinode vibration mode mentioned in analysis of vibration mode does not appear in the low frequency mode.
The results of modal analysis of the resonator shows that, by using the finite element simulation method, the vibration mode function of resonator obtained by the analytical method is verified. Both of them have the consistency. Low order vibration modes of the vibration mode function calculated by analytical method, exists in results of finite element simulation. Although the 8 loop vibration mode does not appear, but in accordance with the laws of recursion, the 8 loop vibration mode should also occur in higher order modes. The 1 order modal vibration mode and the 2 modal vibration mode of the resonator are all of swing mode (n = 1), and the difference between them is about 90 degrees and the frequency difference is 33.5Hz. Both of them are almost at the same frequency point. The frequency difference between the two is caused by the non-uniform error introduced by the free mesh dividing, which can be ignored here. 3 order modal and 4 order modal vibration mode are 4 antinode vibration mode (n = 2), and difference of both is 45 degrees. The mode is the working mode of the resonator. The former is called excitation mode, the latter is called detection mode, and the two modes are coupled by Coriolis force. The 5 order modal vibration mode and the 8 order modal vibration mode are respectively the rotation mode and the upper and lower vibration mode. When the mode analysis is carried out, it is not calculated that there are two kinds of vibration modes, which also illustrates that the vibration mode function has some limitations and is not suitable for the two special modes, or in the case of considering the material parameters and structural damp, the resonator will increase the vibration mode. 6 order and 7 order modal vibration mode are 6 antinode vibration mode (n = 3), and difference of both is 30 degrees. The switching between the two modes can also be coupled by Coriolis force. In addition, with the increase of the vibration frequency, there will be more vibration modes, such as the 8 loop vibration mode, 10 loop vibration mode etc. But with the increase of the number of loops, the vibration of the resonator will become more and more complicated. Therefore, the 4 loop vibration mode is adopted for the vibration mode selection. In the analysis process, only the low order modal distribution is analyzed so as to satisfy theoretical analysis of metal shell resonator gyro.
According to the vibration mode analysis and modal analysis results of the resonator, this paper lays special stress on analyzing 4 antinode vibration node. Through the ANSYS simulation software, the finite element simulation data is extracted, and the data of clock lip are analyzed.
The displacement curves of the excitation mode and detection mode of 10 vibrations on edge of the clock are draw respectively as shown in Fig. 12 and Fig.13 .
Integrating Fig.10 and Fig.11 , we can find that the clock lip under the condition of excitation mode and detection mode presents a typical 2 order vibration mode, and that the envelope curve of the particle motion trajectory at the bottom of the clock lip coincides well with that of the vibration mode function. There are differences in specific values mainly because of different simulation methods. Similarly, the vibration displacements in three directions (ϕ, ν, θ ) are analyzed respectively. The overall trend is consistent with the trend of the three axis complex displacement, just different in values.
In excitation mode, it can be seen from Fig. 12 (b) that the motion of the particle at the edge of the clock lip edge satisfies the cos (2θ) relation. And in detection mode, it can be seen from Fig.11 (b) that the motion of the particle at the edge of the clock lip edge satisfies the sin (2θ) relation. The phase difference of 90 degrees between the two modes is shown in Fig.14. Two orthogonal axes with phase difference of 90 degrees constitute Descartes coordinate system. So we set the excitation mode corresponding to the p axis (clock lip 0 • ), and set the detection mode corresponding to the q axis (clock lip 45 • ). The two inherent rigid axes form the orthogonal coordinate system of clock lip particles [31] . Similarly, in working mode, on each torus of the resonator exists the inherent rigid axes.
So, on the basis of the formula (5), the displacement of each point of the resonator is expand by natural mode of inextensible thin shell:
Among them, p(t), q(t) is the time domain representation of the inherent rigid axes, mainly representing motion displacement on p axis and q axis and relating to time t. When the resonator is in the operating mode, n = 2.
C. DYNAMICS EQUATION OF RESONATOR
In the analysis of the dynamics problem of the resonator, this paper intuitively and effectively grasps the specific process of resonator by describing each particle movement of resonator and by using the equilibrium differential equation to solve dynamics equation.
1) THE ESTABLISHMENT OF DYNAMIC EQUATION
The motion of each point is considered as the motion of a particle. In orthogonal curvilinear coordinate system, each particle has displacement in three coordinate directions. For the particle P (ϕ, υ, θ) on a resonator, the vector motion can be expressed as Among them, ϕ is displacement vector in the direction of ϕ, υ is displacement vector in the direction of υ, and θ is displacement vector in the direction of θ.φ,υ,θ are unit vector in three directions. According to the above representation, the synthetic vector of the overall displacement of the particle P is expressed as
When there is an external input angular rate on the sensitive axis, its expression in relation to inertial space is = cos ϕυ − sin ϕφ = cos ϕυ − sin ϕφ (25) According to the Coriolis theorem and Wallis formula, the absolute acceleration of the particle P relative to the inertial space is as follows
Among them, a 0 is the absolute acceleration of the particle P. is the acceleration of the particle P; is the velocity of the particle P.
is the angular acceleration of the particle P. The formula (26) is expanded so that it can be obtained
Among them, a ϕ is the acceleration in the direction of θ, a υ is the acceleration in the direction of θ, is the acceleration in the direction of θ. According to Newton's second law of motion, it is known that the inertial force of the particle P influenced by the external angular velocity is
Substituting formula (28) into the balance differential equations, we can get the dynamic equation of the resonator rotating around symmetric axis at angular velocity under the action of external distributed load.
2) SOLUTIONS OF DYNAMIC EQUATIONS Bubonov Galerkin method is usually used for solving the differential equation of dynamic equation (29) . And it is a simple and effective method for the approximate solution of differential equations. This method, not only can solve the static problems but also can solve dynamic problems. For the equation (29), the dynamic equation mainly based on stress and displacement is transformed into the dynamic equation based on displacement. Its basic form is
And, D 1 (·), D 2 (·), D 3 (·) is the simplified form of the corresponding equation.
Because the equation is too complicated in the process of substitution, we pass over the introduction of simplification. This part of the calculation process can be calculated by Maple software [29] . Then the error function is obtained when calculating by Bubonov Galerkin method. The formula (22) is a general analytic form of the equation (30) in the case of n = 2. And combined with the formula (24) , the vector displacement of the clock lip particle under the two order inherent rigid axes is obtained as follows
Use the above equation constructing orthogonal function, thenφ
SinceL is orthogonal to the vectorsφ 1 andφ 2 respectively, the differential equations are obtained Simplifying the results, we can obtain the equivalent dynamic equation describing the two order natural vibration mode of the ideal resonator
In this equation, the alpha symbols are shown in Appendix. By formula (35) we can solve the precession factor corresponding to the resonator and inherent frequency of resonator characteristics, meanwhile verify this kind of metal shell vibratory gyroscope with typical characteristics, of which the resonator edge can be equivalent to a two-dimensional spring mass movement. For the solution of formula (35) , the numerical simulation method can be used.
Precession factor for resonator is [25] 
Formula (36) shows that the precession factor of resonator has nothing to do with material parameters of the resonator, but only has a relation with the vibration structure of the resonator. The natural frequency of the resonator is
Of which,
Natural frequency for the resonator is
According to the formula(37), the influence of the natural frequency of the resonator is mainly composed of the following two parts: the material and the structure characteristics of the resonator itself, and the influence of the angular velocity. In the study of axisymmetric shell resonator gyro. Since the vibration frequency of the resonator is much larger than the angular velocity of the detection, both the square term of the angular rate and the derivative term are ignored. In this paper, the metal shell resonator gyro is mainly for a large measurement range, in field of which the input angular rate compared with the natural frequency is not a small variable. For this reason, it cannot be ignored.
For consideration of the numerical simulation requirements of equation (37), it is necessary to integrate the three main structural parameters of the resonator, and then substitute the coordinate constraint relations of each part to calculate effectively.
However, for a resonator with a hemispherical, cylindrical, or hyperboloid structure described by an orthogonal curvilinear coordinate system, there is no obvious structural distinction in the direction ofφ. In hemispherical surface structure, its ϕ value is ϕ ∈ 0, π 2 As for the cylindrical surface structure, its ϕ value is in the vicinity of π 2. The same is true for the rotating hyperboloid structure, and its ϕ value is ϕ ∈ 0, π 2 All three have intersection, and cannot be used as signs of segmentation. The analysis of the vibration process of axisymmetric shell vibratory gyroscope shows that, the stiffness distribution of the free end is the most influential factor to its characteristic, and that the rest of the structure only provides the effective support and standing wave transmission for free end. Therefore, in the numerical simulation analysis, the structural parameters of the formula (35) are selected to calculate by the structural parameters of the rotating hyperboloid structure. However, in order to solve the vibration mode function of this part, it is need to use the structural parameters and constraint relationship between the hemispherical structure and the cylindrical structure. Therefore, it seems intuitively that it is the only use of the rotational hyperboloid structure. But in fact it is a combination of the structural characteristics of the three parts.
IV. RESONATOR CHARACTERISTIC TEST A. NATURAL FREQUENCY TEST
The frequency domain characteristics of the resonator are tested by using the Solartron 1255B sweep frequency meter. The Resonator is processed by the method of Resonator mechanical balance, which makes the frequency split of the final Resonator at 0.3Hz. First, the frequency detection of dipole mode. The signal output frequency sweep meter is connected to the piezoelectric electrodes 1 and 5. The channel 1 is connected to the piezoelectric electrode 3. Channel 2 is connected to the piezoelectric electrode 7. The test results are shown in Fig.15 [1] . At this time, the excitation mode frequency of the Resonator is 6930.6Hz. Similarly, the output signal will sweep device is connected to the piezoelectric electrodes 2 and 6. The channel 1 is connected to the piezoelectric electrode 4. Channel 2 is connected to the piezoelectric electrode 8. The test results are shown in Fig.16 , and the testing modal frequency of the Resonator is 6930.3Hz. The results of the two groups were observed, and the output of the electrodes with the same function was different. In actual processing, material distribution and structure characteristics of resonator machining error of external factors lead to the structure is not completely symmetrical. It affects the distribution of the rigid axis of the resonator, which makes VOLUME 7, 2019 the vibration mode shift, and causes the frequency deviation (This deviation is called frequency cracking) of the excitation mode and the detection mode, and this property is one of the inherent properties of metal shell vibratory gyroscopes.
For this problem, there are a large number of scholars to study, including the cup-type Resonator, hemispherical Resonator, ring Resonator, etc. There are two main methods: mechanical modification and circuit compensation [37] , [38] . As for the metal shell vibratory gyro, its resonator structure is multi-surface fusion structure, which different from the general axisymmetric shell structure-there are significant differences in the mechanical balance adjustment mode. The main lip of the resonator is responsible for the regulation of the rigid shaft. At the same time, the piezoelectric electrode of the resonator is pasted on the bell wall, and close to the bell lip. So the subtle quality change will affect the whole rigid shafting distribution; the cutting is done on the lathe, it will cause damage to itself. Therefore, the mechanical balance of the resonator is adjusted by adopting a non-contact balance adjustment method, and the precise mechanical balance adjustment is realized by a pulse laser and a multi axis displacement platform [35] , [36] . For the slight deviation of mechanical balance adjustment, we must rely on the circuit control technology to compensate. Figure 15 and Figure 16 shows that the natural frequency of the Resonator is 6930.6Hz. Using the same method, the remaining 10 sets of Resonators were tested, and the natural frequency range from 6720.1Hz to 7205.3Hz, a difference of 485.2Hz. The calculated Resonator natural frequency in the same range, which also confirms the derivation of mathematical models and the correctness of finite element simulation.
B. VIBRATION TESTING
Vibration mode test of resonator was tested by a vibrometer. Focus the laser vibrometer on the lip and adjust the signal generator. After the circuit system conditioning, resonator is excited vibration. The resonator was fixed on a precision rotating table and tested at 5 • intervals. The test photographs are shown in Fig. 17 . The test results are shown in Fig.18 . Using the Polytec PSV-400 scanning vibrometer tests the radial displacement amplitude. The circumference of the resonator was divided in 72 parts. The active frequency is6930.3Hz, the amplitude is 5V. Using Matlab polar function plots the curve. When we test the resonator firstly, we didn't divide the circumference carefully. The node didn't find from the curve. The value of the amplitude helps us find the node (amplitude = 0).
It can be seen from Fig.18 that the bottom edge of the resonator exhibits a typical four-wave abdominal vibration with a maximum amplitude of 11.7µm and the motion of the modified Resonator node is obvious. The ideal four-wave abdominal vibration mode is the same as that calculated in Section 2. But the test results show that the lobe is not completely symmetrical, which may include the Resonator processing error, the piezoelectric film paste process and other factors lead to.
V. PROTOTYPE TEST
According to the simulation results and hardware architecture design, the control circuit is designed and the metal shell vibratory gyro prototype is fabricated as shown in Fig.19 . The gyro's control circuit is shown in Fig.19 (a) and prototype in Fig.19 (b) . We will make the prototype for the turntable tracking test, as shown in Fig.20 . The experiment temperature is 25 • . The gyro's output is used RS-422 and the refresh time is 2ms. 
A. DYNAMIC TESTING
The metal shell vibratory gyro was started for 5 minutes, the control turntable was rotated by ± 600 • /s, ± 1200 • /s, ± 1800 • /s, ± 2400 • /s, ± 3000 • /s, ± 3600 • /s, and each angular rate of rotation is greater than 1.5 minute. The test results are shown in Fig.21 , and it can be seen that the design of a large range of angular rate detection method to accurately track turntable run. To sum up, the range of gyro is 3600 • /s, the scale factor linear is 1.2%.
B. TEMPERATURE TESTING
The temperature characteristics of the gyroscope are tested by using high and low temperature experimental equipment (the test photos are as follows).
Temperature mainly affects the material properties of the resonator, which is directly reflected in the natural frequency of the resonator. The test result is as shown.
The resonant frequency has a linear relationship with temperature, and the resonant frequency of the resonator increases with the increase of temperature. The gyroscope bias drifts under the influence of temperature, and its change trend is very obvious. The variation range of the gyroscope in the whole temperature range is large, so it cannot meet the actual application requirements, so temperature compensation must be carried out.
C. STATIC TESTING
The control turntable was stationary and the output signal of the metal shell vibratory gyro was recorded at an update rate of 200 Hz for 1 hour, as shown in Fig.24 . Using the method in [42] , the Allan variance of the metal shell vibratory gyro is shown in Fig.25 . Vibratory Gyros). At the last, using the same method to test this prototype on the different day. The result is:
(1) The range of gyro is 3600 • /s, the scale factor linear is 1.2%, the zero bias stability of the prototype is 7.321 • /h, and the angle random walk is about 1.231 • /h 1/2 .
(2) The range of gyro is 3600 • /s, the scale factor linear is 1.0%, the zero bias stability of the prototype is 8.953 • /h, and the angle random walk is about 1.329 • /h 1/2 .
VI. CONCLUSION
The core of the research on the metal shell resonator gyro is its theoretical modeling and analysis. b This article conducts the research on the sensitive mechanism of metal shell vibratory gyroscope, expounds the research ideas and the basic working principle of the metal shell vibratory gyroscope, and analyzes the characteristics of the gyroscope. In addition, this paper mainly solves the problem of angular rate measurement with large range and high overload; Based on the Kirchhoff-Love hypothesis, the mechanical expression of the structure of the surface of the resonator is established by means of orthogonal coordinate system, which includes stress-strain relation, strain-displacement relation and stress-displacement relation, and finally establish the equilibrium differential equation; On the basis of the equilibrium differential equation, the natural vibration characteristic of the resonator is analyzed, and the vibration mode function is deduced, and the vibration mode function is verified by simulation; And then, We carry out the modal analysis of the resonator, grasp the basic frequency of the resonator, the vibration mode and the distribution of the rigid shaft system, and determine the working mode; At the last, on the basis of modal analysis and modal analysis, the dynamic equations of the resonator are established under the action of Coriolis force. The equations are solved by the Bubnov-Galerkin method, and the resonator precession factor and natural vibration frequency are obtained. The metal shell resonator gyro is tested, and the Resonator characteristics meet the design requirements. The gyro range is 3600 • /s, the zero bias stability is about 7.862 • /h, and the angle random walk is about 1.487 • /h 1/2 . APPENDIX m 0 , c 0 , η 1 , η 2 , η 3 , η 4 , η 5 , η 6 , η 7 , and η 8 , shown at the top of the previous page.
